THE SIMPLE NONPOLAR CONTINUUM MEDIA. 
PART III. THE ASYMMETRIC ELASTICITY (N=2). 
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Let T be a stress tensor with components aij = ajf, = 1,2). If a thin plate is loaded by 
forces at the boundary, parallel to the to the plane of the plate and distributed uniformly over 
the thickness the state of stress is the specified by an, ai2 = a2i, (^22 only, and is called plane 
stress [1]. 

As it has been shown in [2] the most general form of T can be present as 



T = eXnl + M£° 



here 



M 



-fJ-o 

Ux Vy Uy ~h Vx 

tiy H~ Vy 



(2) 

(3) 
(4) 



6 = div{u); 

u is the vector of the displacement; Aq, /U, /zq are the moduli of the elasticity, where 

Ao = A + |U > 0; /i > 0; (5) 

/io is arbitrary parameter; aij are components of the stress tensor T; e*-' = e-'* are components 
of the strain tensor; 

1 / du^ du^ . , , 

+ — 1, (^,J = 1,2) (6) 



2 \dx^ dx 
and = u, and = v; x'^ = x, and = y. 

It can be shown in the usual way that matrix 

1 



-M 



is orthogonal. Therefore ([1]) is a variant of wellknown theorem of polar decomposition. 
Using ([T]) we get 

cTu = (/u + Ao)e^^ + 2/ioei2 ^ - fi)e^^ 



12 



-,22 



(7) 



(^22 = (Ao - /u)e - 2fiQe + (Aq + fi)e 



o22 



Let 



A 



/ fi + Xo 2^0 Ao - ytx ^ 

-fio 2/i jjo 
\ Xq- H -2/xo Ao + /X / 



1 



is the matrix of system We obviously have 

detA = 8Ao(Aio^ + /i^) > 



(9) 



Hence, we have 



4Ao(/io^ + /^^ 



\ + - Ao^ 2/ioAo /io^ + + Ao/i / 



(10) 



Therefore, from ([7]) we get 
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det A 
2 

det A 
2 

deTZ 



[(/iO^ + /i^ + Ao/i)o-ii - 2/XoAoCri2 + (/io^ + y"^ - Ao/x)cr22] 

[Ao/Uqc^h + 2/iAocri2 - Ao/Uoa22] 

[(/Xo^ + yU^ - Ao/U)crii + 2//oAoCri2 + ifJ-O^ + + Ao/U)(T22] 



In the case of two-dimensional problems only three strain components need be considered, 
namely 

= — = -(— + — ^ _ ^ 

dx' 2 \dy dx J ' dy 

These three components are expressed by two functions u and v; hence they cannot be taken 
arbitrary. As it good known, there exists a certain relations between the strain components 
which can easily be written [1] 



gii , g22 ^ 2e^2 



:i2) 



Using ( IT2|) . we get 



(/Xo^ + /i^ + Ao/i)A(o-ii + (722) 



2Ao/i 



5 / 9(722 _^ 9c7i2 

\ dy dx 



ay 



5x \ dx 



+ 



+2Ao/io 



(9?/ \ dx dy 



d ( 9(722 9(7i2 \ 

9x / 



dx \ dy 

Taking into account the differential equations of equilibrium, we obtain 



do\\ ^ dai2 
dx 



0- ^^^2 ^ 9(722 _ Q 

dy ' dx dy 
A((7ii + (722) = 

(Til = 2^U^ + /Xo(My + l^x) + (Ao - 
(T12 = 2nVy - floiUy + Vx) + (Ao - n)0 
(722 = KUy + V^) - Ho{u^ - Vy) 



(13) 
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Introducing function Airy U : 

O'U = Uyy, CFl2 

we get 



-u. 



xyi 



0"22 = 



AAf/ = 



Besides, using (fT3|) and ( !T4|) . we have 



(Ao - ij)u^ - 2fj.o{uy + v^)^ + (Ao + fi)vy = 



It easy shown that 



4Ao 4(/i^ + 



-((Til - 0-22) 



2/Uo 



^2/ = ^1^11 +^^22 J 



CTll - 0-22) 



and 



Let 



then 



+ 0-22 = AJ7 

Q = Af/ 

= f^ro = Q ~ Uxx, (^22 = Uxx = Q — 



+ /^'y 
2/io 



-o'i2; 



c^i2; 



y2y 



Using ( ]T5|) and f lT8|) . we obtain 



2^ 



du 

" ~4(/i2 + ^2) 

2/i 



AQ = 
2/io 



2/Uo 



+ 



L4Ao 4(/x2 + 



dy 4(/xg + /.2)-^^ 4(/xg + ;.2^^^^ 
Taking into account ( I19p . we get 



+ 



4Ao 4(/i2 + 



Q 
Q 



(14) 
(15) 



(16) 



(17) 



(18) 
(19) 

(20) 



Q + iR = f{z), z = x + iy; 

dQ _dR dQ__dR 

dx dy ' dy dx 
A function f{z) is an analytic function of z. The integral of this function with respect to z 
is another analytic function. Then writting p and q for real and imaginary parts of if{z), we 
obtain 



ip{z) = p + iq 



f{z)dz 



so that 

^'(^) = Im 

then 

^dp_.dp^ 1 ^ 
^2; dx dy 4 
Using Cauchy-Rieman's condition, we have 

dp dq 1 ^ 
dx dy 4 

dp dq 1 ^ 
dy dx 4 

therefore 

ax a?/ 

Thus any stress function is expressible in form 

U = Re [z^{z) + x{z)] 

or in another view [3] 
Using fl2T]) . we get 



2U = zifiz) + ip{z) + x{z) + x{z) 



dU 

2— = ip{z) + zcp'iz) + ip{z) + Zip'iz) + x'iz) + x'{z) 

^dU 
dy 



-ifiz) + ZLp'{z) + <^{z) - zip'{z) + x'iz) - x'iz) 



therefor 



where 



dU dU , , — - — - 

^^"^ = Tz 



Substituting ([21]) to ([20]), we get 

f]_, ^ \ ^ _ ^ TT , /^O rr 

dx ^Ao /ig + /xV dx 2(^2 + ^2) + 2(^2 + ^2) 

ay /ig + /iV 5^ 2(^2 + ^2) ^J/. 2(^2 + ^2) 

Integrating ( 123]) with respect to x, and ( 12^ with respect to y, we obtain 



Using (fT6|) . we have 



Uy + 



2(^g + ^2 



-{Uyy Uxx) 



fx 



:Ux 



(27) 



but from (125|) and (126|) . we get 



Uy + Vx 



Comparison (127|) and (128|) is given by equation 



( ^J/J/ ) 



dfijy ) , (i/2(a; 
dy 



+ ■ 



dy 



dx 



0. 



This imphes that 



h{y) = si{-ey + ai) 
f^[x) = si{ex + 02) 
Substituting (l29l) in (l25l) and (126|) . we have without loss of generahty that 



u 



P 



1^0 



2 I ,,2 



/io + + Ao/i 
= . . n — —q 



-a, 



here 



Ao(/.g + /i2) ^ 2(/.2 + ^2) J/ 2(^g + /z2) 
p = p{x,y); q = q{z,y) 



Ux 



Using ([30]) and dnH), we get 

Ao(/^o + /^^) 



Let 



I • I |2 2,2 

a3 = /i + «/io, |ae| = /ig + /i 



taking into account that 



and 



p + iq = (p{z) 



AAU = 0, 



we obtain 



38 (m + iv) 



Ar 



(|aep + Aoi?e(ffi)) ip{z) - ag (/^(z) + z(p'{z) + -0(2;) 



(28) 



Substituting /xq = in we get classical Loeve's formula (see, for example, [1]). 



(29) 

(30) 
(31) 



(32) 



(33) 



(34) 



2fx(u + iv) = ceoip{z) — z<~p'{z) — ip{z); 
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A + 3/i 
aeo = -;- • 

As for components of the stress tensor, we have classical formula [1] 

au + = 2[^'{z) = 4:Re[^'{z)], 

(722 - CTU + 2i<7i2 = 2[z(p"{z) + ll>"{z)]. 

Example. The effect of circular holes on stress distributions and displacements in plates 
(see, for example, [1]). 

Let us assume that two complex lanes Z and G are given and conformal mapping z = w{C) 
of area S G Z to area S C G is defined. Now let us introduce polar coordinates (r, 9) at G 
plane, so that w{() = ( = tc*^. Then any vector {wx,Wy) is transformed in compliance to the 
following formula: Wr + iwe = e~^^{wx + Wy). With help of this we can get polar representation 
of translation vector w = {Ur,Ug) from 

\sto\\ur + tue) = e-'' ((2Ao 'as^ + ae)vp(C) - <7{0 - ^W)) (35) 

Let a plate submitted to a uniform tension of magnitude p in the x-direction. If a small 
circular hole is made in the middle of the plate, the stress distribution in the neighborhood of 
the hole will be changed, but we can conclude from Saint -Venant's principle that the change 
is negligible at distances with are large compared with R, the radius of the hole. 

Let us assume that the edges of the plate are free from external stress and at infinity 

~ ^22 ~ 0' ^12 ~ 0' that means that stress is present along Ox axis, tensile stress at 
infinity being a constant value p. In this case functions (p{z) and i^iz) and tensor components 
shall be defined with the help of the following equations [4]. 

As usually [1], we obtain 

p f p f 4i?2 3i?4x 

-^-|(l.^-^)s.n(2.) 
The functions (/?(z) and iIj{z) are 

^ ^ p [ 2R^\ 

^{z) = -[z + ^y, 

pf R' R^\ 
Relevant fl55]) translation vector components are as follows: 
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Ur 



1 f r R\ 1 f r R E?\ 

-1^ 



1 



Ug 



-/xoaeo pR , 
4 y r 



+ -PR 



2A, 



~ + ' 



r R FL^ 



r 



+ -/ioa3o P-R 



R 



2A 



-1^ 



Q — + /i«Q ■ 



cos(2^), 



cos(2^) + 



sin(26'). 



Assuming ^0 = 0, we get traditional formulas of this problem [1]: 



d 



1 

4^ 



_,R 
r 



-pR 



^iR 



R R' 



2Ao'- + /i_i - + 2 



R 



u. 



cl 



-\pR 



\ ,R (r R^ 

2Ao'- + /i-i p + — 
r \ R r-^ 



sin(2e). 



cos(2^), 



Now let us calculate boundary translation values r = R with help of (137|) and ( 138 



^r\r=R 



^M±V±^^,^2cos(2^)), 

4(A + ^)(/x2 + ^2) V 



Me r=iJ = — TT^- — ^ sm(2^). 
2(A + ^)(/i^ + /i2) 

Passage to the limit where /i — )■ will give final values boundary translations. 

vR 

Ur\r=R^J^{l + 2cOs{29)), 

pR 

ue\r=R -— sin(26'). 
Traditional formulas will give the following values: 



M, 



di 



\r=R 



Uf, 



\r=R 



pRjX + 2fi) 



sm{29), 



having no physical sense where /i — )■ 0. 



Remark. The experiments has proved the validity of this theory. 
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